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INSTABILITIES IN ONE-DIMENSIONAL TWO-COMPONENT ATOMIC FERMI
GAS WITH TWO-LEVEL IMPURITIES
Ë. À. Ìàíàêîâà
∗
ÍÖ "Êóð÷àòîâñêèé Èíñòèòóò", Ïë.Êóð÷àòîâà 1, 123182 Ìîñêâà, îññèÿ
In the present paper one-dimensional two-omponent atomi Fermi gas is onsidered in long-wave
limit as a Luttinger liquid. The mehanisms leading to instability of the non-Fermi-liquid state of a
Luttinger liquid with two-level impurities are proposed. Sine exhange sattering in 1D systems is
two-hannel sattering in a ertain range of parameters, several types of non-Fermi-liquid exitations
with dierent quantum numbers exist in the viinity of the Fermi level. These exitations inlude,
rst, harge density utuations in the Luttinger liquid and, seond, many-partile exitations due to
two-hannel exhange interation, whih are assoiated with band-type as well as impurity fermion
states. It is shown that mutual sattering of many-partile exitations of various types leads to the
emergene of an additional Fermi-liquid singularity in the viinity of the Fermi level. The onditions
under whih the Fermi-liquid state with a new energy sale (whih is muh smaller than the Kondo
temperature) is the ground state of the system are formulated.
PACS numbers: 03.75.Fi, 05.30.Jp, 67.40.Db
I. INTRODUCTION
The interest in low-dimensional, in partiular, one-dimensional (1D), systems has been revived in reent years in
onnetion with the obtaining of degenerate quantum gases in quasi-one-dimensional magneti and optial traps as
well as in 1D optial latties. The previous peak of interest in 1D systems about ten years ago (see referenes sited
in [1, 2℄ and in this work) was due to the development of so-alled quantum wires, viz., 1D eletroni systems in
inversion layers of GaAs [3℄. Degenerate atomi Fermi gases have already been obtained in traps [4-7℄. It should be
noted that Fermi gases with pratially any number of partiles and any intensity of the interation between them
an be produed in traps. This an be done by using the Feshbah resonane [7℄. Thus, we an expet that various
remarkable properties predited theoretially for 1D systems both in the framework of the low-energy Luttinger
model [8℄ as well as using exatly solvable models (see, for example, [9℄) an be experimentally observed in suh
systems with a quasi-one-dimensional geometry. The properties of 1D metals in a fairly wide range of parameters
an be desribed using the Luttinger model (see, for example, reent reviews [1, 2℄ and the literature ited therein).
Aordingly, suh materials are referred to as Luttinger liquids (in ontrast to the Fermi liquid in the 3D ase). In
suh systems, even a weak interation leads to a qualitative rearrangement of the exitation spetrum at low energies.
Namely, 1D metals have no well-defined one-partile exitations. The only stable exitations in the viinity of the
Fermi level are olletive harge and spin density flutuations (aousti modes). These exitations are dynamially
independent that orresponds to omplete separation of the spin and harge degrees of freedom. The interations also
lead to a power deay of all orrelation funtions over large distanes and times. The response to loal perturbations
is an important problem for real systems. In this ase, the behavior of 1D systems also differs qualitatively from the
situation in 3D metals. It was shown in the famous publiation by Kane and Fisher [10℄ that the potential sattering
of right fermions by left ones (so-alled bakward sattering) in a Luttinger liquid with a repulsive interation leads to
omplete refletion of exitations from the potential at low energies. The X-ray response in a Luttinger liquid has been
studied extensively [11-13℄ (inluding the situation with bakward sattering [14℄). The exhange interation with a
spin impurity is one of the entral problems for strongly orrelated systems [15℄. It should be noted that if the number
of eletron hannels partiipating in the exhange interation exeeds double the impurity spin, the system has a
non-Fermi-liquid (NFL) fixed point, exhibiting an anomalous behavior of heat apaity and suseptibility [16, 17℄.
The Kondo effet in Luttinger liquids was studied in [18-20℄. It was shown that, as in the 3D ase, the problem ould
be renormalized to the strong-oupling limit. However, two distinguishing features are observed. First, the Kondo
effet in a Luttinger liquid exists both for the antiferromagneti and ferromagneti interations. Seond, the system
has three fixed points, two of whih orrespond to the one-hannel Kondo behavior and one exhibits the two-hannel
(i.e., non-Fermi-liquid) behavior (we onsider the impurity spin 1/2). The onditions for a stable two-hannel Kondo
behavior relative to the exhange bakward sattering were obtained in [20℄.
It is important for subsequent analysis to emphasize that, in the absene of interation between fermions, the NFL
state assoiated with a multihannel (two-hannel) exhange interation is unstable to any mehanism removing the
degeneray of the hannels partiipating in exhange sattering. In partiular, the instability of the non-Fermi-liquid
2(NFL) state in the two-hannel Kondo model upon the introdution of anisotropy of exhange onstants in different
hannels was onsidered in [21℄. The instability of the same state to potential sattering of many-partile exitations
with different quantum numbers in quantum-dimensional strutures and in metals ontaining impurities of d- or
f-elements was demonstrated in [22, 23℄.
In this study, the mehanisms leading to instability of the NFL state of a Luttinger liquid with two-level (pseu-
dospin) impurities are proposed. Sine exhange sattering in 1D systems is of the two-hannel type in a ertain
range of parameters, several types of NFL exitations exist in the viinity of the Fermi level: density flutuations
of the Luttinger liquid in the harge hannel and many-partile exitations generated by the two-hannel exhange
interation in the pseudospin hannel. It will be shown below that allowane for resonant sattering of 1D fermions
(along with their potential bakward sattering) from many-partile exitations generated by the two-hannel ex-
hange interation leads in our ase to the emergene of additional narrow Fermi-liquid resonanes in the viinity
of the Fermi level (even for very weak bakward sattering) and to the instability of the NFL state in this sense.
A transition from the NFL to the FL state is aompanied by the emergene of a new small energy sale and, as a
onsequene, by an anomalous inrease in the density of states at low energies.
II. IMPURITY-FREE 1D ATOMIC FERMI GAS AS A LUTTINGER LIQUID
1. Fermi gases in a trap are formed by fermion atoms of mass m with two intrinsi states [4-7℄. The number of
atoms in eah state is the same. If the atoms are ooled to a temperature below the Fermi temperature TF , they
form a degenerate Fermi gas. The system an be treated as effetively one-dimensional if the harateristi energy of
longitudinal motion is muh smaller than the harateristi separation ω⊥ between transverse quantization levels. In
other words, the ondition εF ≪ ω⊥ (~ = 1) must be satisfied. At low temperatures, only s-type ollisions are possible
between Fermi atoms with different spins. For this reason, the interations are haraterized by a single parameter,
sattering length a ≪ l⊥, where l⊥ = (1/mω⊥)1/2. The effetive 1D interation an be represented in the form of
short-range potential with a harateristi value of g = 2pia/ml2⊥ [4, 5℄. Taking these limitations into aount, we
write the Hamiltonian
H =
∑
σ
∫
dxΨ+σ (x)
[−~2
2m
· ∂2x + Vext(x)
]
Ψσ(x) + g
∑
σ 6=σ′
∫
dxΨ+σ (x)Ψ
+
σ′ (x)Ψσ(x)Ψσ′ (x) (1)
In a box of length L with periodi boundary onditions Ψασ(x) = (1/
√
L)
∑
k e
ikxakσ (it should be realled here that
the relations N →∞, L→ ∞, (2piN/L) = kF hold in the ontinuous limit, N being the number of fermions and
kF the Fermi momentum), we have
H =
∑
kσ
εka
+
kσakσ +
g
L
∑
k1,k2,q
a+k1,↑ak1−q,↑a
+
k2,↓
ak2+q,↓. (2)
In a 1D system the Fermi "surfae"is omposed by two points, ±kF . In the non-interating ase one has kF = pi~n/2,
n = (N↑ + N↓)/L. Then, let us introdue the left(L)- (around −kF ) and right(R)- (around +kF ) moving fermion
operators aα,σ(k), α = ± ≡ L,R and the orresponding densities ρα,σ(q) =
∑
k
a+α,k+q,σaα,k,σ. If we suppose, that (1) all
the states up to the Fermi energy are oupied and (2) free dispersion relation is linear, εkα = α~vF k, vF = pi~n/2m,
we obtain
[ρασ(−q), ρα′σ′ (q′)] = δσ,σ′δα,α′δq,q′ qαL
2pi
; [H0, ρα(q)] = qαρα.
With taking these relations into aount, the kineti energy takes the form
H0 =
2pivF
L
∑
α,q>0,σ
ρα,σ(q)ρα,σ(−q) = pivF
∑
α,σ
∫
dxρ2α,σ(x); ρα,σ(x) = Ψ
+
α,σ(x)Ψα,σ(x).
In turn, the interation Hamiltonian an be written as
Hint =
∑
α6=α′,σσ′
[ ∫
dx
(
gσσ
′
2 ρα,σ(x)ρα′σ′ (x) + g
σσ′
4 ρα,σ(x)ρασ′ (x)
)
+ gσσ
′
1
∫
dxΨ+α,σ(x)Ψ
+
α′,σ(x)Ψα,−σ(x)Ψα′,−σ(x)
]
.
3For g1 ≥ 0 one renormalizes to the fixed line g∗1 = 0, g∗2 = g2− g1/2 and the fixed point Hamiltonian is a Luttinger
model [1,2℄. In this ase g1-interation is irrelevant. For spin independent interations one has g
∗
2c 6= 0, g∗2s = 0 and
K∗s = 1. These relations are generated by the equations g
∗
2,c = g
∗σσ
2 + g
∗σ−σ
c ; g
∗
2,s = g
∗σσ
2 − g∗σ−σ2 . In what follows,
the subsript ∗ is omitted.
The Hamiltonian H0 + H
L
int with H
L
int ≡ Hint(g2, g4) is equivalent to that of Luttinger model. To obtain the
standard form of the Luttinger Hamiltonian, the densities ρα,σ(x) are written by means of anonially ojugate boson
fields φν and θν [1℄, [2℄, [8℄: ρασ = (1/
√
8pi)
(
∂xφc − αΠc + σ(∂xφs − αΠs)
)
. Here Πν ≡ ∂xθν , [φν(x), φν′ (x′)] = 0,
[Πν(x),Πν′ (x
′)] = 0, [φν(x),Πν′ (x
′)] = iδν,ν′δ(x − x′), ν = c, s. The fields φc,s are determined by harge and spin
flutuations respetively: ρc = ∂xφc/
√
pi, ρs = ∂xφs/
√
pi.
It should be emphasized that in an atomi Fermi gas, "harge"utuations orrespond to utuations of
the average density of the gas, while "spin"utuations desribe the utuations of the relative density
at two levels orresponding to intrinsi states of atoms. In what follows we use the standard terminology of
a Luttinger model.
The Hamiltonian H0 +H
L
int takes the form
HL = Hc +Hs; Hν =
∫
dx
uν
2
(
KνΠ
2
ν +
1
Kν
(∂xφν)
2
)
; vs = vF ; Ks = 1
uc =
√(
vF +
g4
pi
)2
−
(g2
pi
)2
; Kc =
√
pivF + g4 − 2g2
pivF + g4 + 2g2
.
(3)
In the Luttinger model fermion fields Ψασ(x) are defined as (see, for example, [2℄, as well as [8℄)
Ψασ(x) =
ηασ√
2pia
exp
[
− i
√
4piΦασ(x)
]
; Φασ(x) =
1√
2
[
α
(
φc(x) + σφs(x)
)
+
(
θc(x) + σθs(x))
]
, (4)
ηασ are the so-alled Klein fators.
For a pure Luttinger liquid, the Green funtion Gασ(x; t) was obtained in [25℄. The spetral funtions and, aord-
ingly, the density of states ρ0ασ(ε) were alulated almost twenty years later in [26℄, [27℄. In partiular, the total
spetral funtion (density of states) for a pure Luttinger liquid in the long-wave limit is defined as
ρ0ασ(ε) =
A
Γ(1 + ηc + ηs)ε0
·
( |ε|
ε0
)ηc+ηs
; ην =
(Kν − 1)2
4Kν
; (5)
Here, A ∼ 1, ε0 ∼ εF is the utoff energy in the Luttinger model; ηc, ηs are anomalous dimensions in the harge and
pseudospin hannels; and parameters Kc,Ks are defined in (3). The energy is measured from the Fermi level.
The Hamiltonian (3) also desribes long-wave exitations in one-dimensional optial lattie with the number of
fermions per site smaller than unity (metalli state).
The possibility of desribing an atomi impurity-free Fermi gas with the help of a Luttinger model and the methods
for experimental observation of the spin-harge separation were also onsidered in [28℄.
IMPURITY HAMILTONIAN AND SCATTERING PROBLEM
1. Let us onsider the situation when a 1D lattie with a number of fermion per site smaller than unity (metalli
state) ontains loalized fermions with two internal degrees of freedom. The energy of a loalized state is muh lower
than the Fermi level. Loalized fermions do not interat with one another. We assume, however, that the wave
funtions of loalized and band fermions may overlap; for this reason, a loalized state interats with band fermions.
Sine a two-level atom an be desribed by a pseudospin variable with two values of the z omponent, we will refer
to this situation as a pseudospin impurity in a metalli 1D lattie. We assume that the repulsion of fermions at an
impurity site is so strong that only one fermion an oupy this site. We will onsider below a 1D system with periodi
boundary onditions. In the ase of an atomi Fermi gas, the pseudospin degrees of freedom in the optial lattie
orrespond to two intrinsi atomi levels of the hyperfine struture. The Hamiltonian of suh a system will be written
in the form
H = H+Hsc; H = HL +H0d +Hint; H0d =
∑
σ
Edndσ; Hsc = Hbs +Hh
Hbs =
∑
kk′
∑
α6=α′,σ
(
Tαα
′
kk′ a
+
kασak′α′σ +H.c.
)
; Hh =
∑
kασ
(
V αkda
+
kασdσ +H.c.
)
,
(6)
4where HL is the Hamiltonian of 1D fermions, whih oinides with the Hamiltonian in the Luttinger model in the
ontinuous limit, H0d is the Hamiltonian of a loalized level with energy Ed, ndσ = d
+
σ dσ, Hh is the hybridization
between band and loalized fermions; Hbs desribes the potential sattering of band fermions with different quantum
numbers (in other words, bakward sattering). The term Hint from Eq. (6) orresponds to the repulsion between
fermions at a deep level,
Hint =
1
2
U
∑
σ
ndσnd−σ.
The interation between band fermions and a loalized state is generated by Hint with taking hybridization into
aount.
The results obtained in what follows are appliable to an atomi gas if, in addition to the relations given above,
the inequality U < ω⊥ holds.
2. Exitations in a system with Hamiltonian H = H + Hsc are ompletely determined by the Green funtion of
omplex argument z, Gd(z) =< d|(z − Hˆ)−1|d >, whih an be evaluated using the equations of motion. The system
of equations of motion for Gd(z) has the form :
G(0)−1d (z)Gd(z)−
∑
pα=L,R
V αdpGdα(p; z) = 1ˆ;
G
−1
L (p; z)GdL(p; z)−
∑
p′
TLRpp′ GdR(p
′; z)− V LpdGd(z) = 0;
G
−1
R (p; z)GdR(p; z)−
∑
p′
TRLpp′ GdL(p
′; z)− V RpdGd(z) = 0;
(7)
Here G(0)d (z) =< d|[z − (H0d +Hint)]−1|d >, Gα(p; z) =< apα|(z − Hˆ)−1|apα >, Gdα(k; z) =< d|(z − Hˆ)−1|akα > are
the Green funtions taking into aount all interations, but disregarding sattering. In expressions (7) and below,
the spin indies are temporarily omitted. In the ase of separable matrix elements Tαα
′
kk′ and/or those exhibiting a
weak energy dependene the solution for Gd(z) has the form
Gd(z) =
Gd(z)
1− Σsc(z)Gd(z) ; G
−1
d (z) = G(0)−1d (z)−
∑
α
ΣV Vα (z),
Σsc(z) =
ΣV TL (z)
[
ΣTVR (z) + Σ
TT
R (z) · ΣTVL (z)
]
+ΣV TR (z)
[
ΣTVL (z) + Σ
TT
L (z) · ΣTVR (z)
]
1− ΣTTL (z)ΣTTR (z)
;
Σabα (z) =
∑
p
W abα (p)Gα(p; z) =W
ab
α (pF )
∫
dε
ρα(ε)
z − ε ≡W
ab
α (pF )Σα(z),
(8)
here Gd(z) is the Green funtion of impurity degrees of freedom disregarding sattering proesses assoiated with
Hbs. However, by definition, this funtion inludes all interations between band and loalized fermions, whih are
generated by the repulsion Hint of fermions at an impurity site. The self-energy funtions Σ
ab
α (z) are written in the
form of spetral expansions of many-partile Green funtions for 1D fermions;W abα are the produts of matrix elements,
whih are defined by the supersripts of the self-energy funtions; and ρα(ε) is the density of states orresponding
to the many-partile exitation spetrum taking into aount the interations. This spetrum is determined by the
Green funtion Gα(p; z). The omplete Green funtion in relations (8) has singularities of two types. Funtions Gd(z)
ontains singularities generated by the interation between band fermions and a loalized state. The denominators in
relations (8) appear due to sattering of various types of many-partile exitations from one another. It follows from
the expression for Σsc(z) that the system experienes, first, potential sattering of right fermions from left ones (the
term ontaining ΣTTL (z)Σ
TT
R (z), but taking into aount the modifiation of the density of states due to the exhange
interation and, seond, the resonane sattering of 1D fermions from many-partile exitations, whih are desribed
by the terms with the Green funtion Gd(z). It will be shown below that in both ases sattering may lead to the
emergene of additional singularities (namely, simple poles) in the Green funtion in the viinity of the Fermi level.
The poles orrespond to Fermi-liquid exitations. The position of poles zr = εr + iγr is determined from the solution
of the equation
1− Σsc(zr) · Gd(zr) = 0. (9)
5Thus, to solve the sattering problem, we must know the many-partile low-energy density of states for 1D fermions
(disregarding sattering) as well as the Green funtion Gd(z) for the resonane level.
3. In the present paper, assuming that the interations of fermions with one another and with the impurity are
strong, we first determine low-energy many-partile exitations, and then take into aount the sattering of these
exitations from one another. In other words, first the problem with Hamiltonian H is solved and Gd(z) is determined
with the help of the methods used in the problem with U →∞.
Beause the energy U is dominant, it is essential to properly treat orrelation on site, and the method of the
equations of motion orretly aounts for these on-site orrelations [15℄. This method gives the following expression
for the Green funtion of band fermions
Gαασ(k, k
′; z) = δ(k − k′)Gασ(k; z) + Gασ(k; z)Tαα(k, k′; z)Gασ(k′; z), (10)
where Gα(k; z) is the Green funtion of a pure Luttinger liquid, and the sattering matrix has the form
Tαα(k, k′; z) = V ∗αkd Gd(z)V αk′d, Gd(z) = G(0)−1d (z)−
∑
α
ΣV V0α (z),
Supposing that in the limit of large values of U the main effet of this interation is the many-partile resonane
at the Fermi level, we use the following relation for low energies
G−1d (z) = G(0)−1d (z)−
∑
α
ΣV V0α (z),≈< d|[z − (HL +H0d +Hex +H(0)bs )]|d >, (11)
here ΣV V0α (z), H
(0)
bs are defined with ρ0ασ(ε) orresponding to a pure Luttinger liquid, Hex is the exhange sattering
of the 1D fermions by two-level (psevdospin) impurity. In aordane with the relation (11), to alulate Gd(z) in
what follows, we represent the exhange interation in the form of the model of a resonane level.
By means of Eq. (10), the density of states is defined as
ρασ(ε) = ∓pi−1Im
[
SpGαασ(k, k
′; ε)
]
= ρ0ασ(ε)∓ pi−1Im
[
SpGd(ε)
∑
k
|V αkd|2G2ασ(k; ε)
]
≡ ρ0ασ + ρdασ, (12)
where the minus and plus signs orrespond to ε > 0 and ε < 0, respetively. The relation (11) implies that only the
density of states ρdασ generated by the exhange sattering enters the self-energy Σsc(z) in Eq. (8).
THE RESONANCE-LEVEL MODEL FOR THE EXCHANGE INTERACTION
In one-dimensional systems the exhange interation takes the form Hex = H
(F )
ex +H
(B)
ex , where
H(F )ex =
∑
α
∑
i=x,y,z
∑
σ,σ′
J iΨ+ασ(0)τˆ
i
σ,σ′Ψασ′(0)S
i; H(B)ex =
∑
α6=α′
∑
i=x,y,z
∑
σ,σ′
J iBΨ
+
ασ(0)τˆ
i
σ,σ′Ψα′σ′ (0)S
i
(13)
Here, S is the impurity pseudospin, and τ i are the Pauli matries. Hamiltonian H
(B)
ex orresponds to the bak-ward
exhange sattering emerging in the presene of anisotropy of sattering hannels, H
(F )
ex desribes the two-hannel
exhange sattering.
The interation in the harge hannel of a Luttinger liquid is haraterized by parameter Kc (see expression
(??) below). It was proved in [20℄ that, in the ase of repulsive interations (Kc < 1), the small anisotropy (JB)
of the exhange sattering hannels in the viinity of the fixed point of strong interation in J is relevant only for
1/2 < Kc < 1. In this ase, the results obtained in [19℄ are valid (it was found in [19℄ that the two-hannel Kondo model
is absolutely unstable). However, for Kc < 1/2, the two-hannel Kondo behavior is stable to the exhange anisotropy
of the hannels. In this ase, however, one more mehanism violating the hannel degeneray (weak resonant and
potential sattering of many-partile exitations) in the two-hannel exhange interation was disarded. We will
onsider this mehanism here. Using the fat that the exhange anisotropy of the hannels is irrelevant for Kc < 1/2,
we onsider the situation when the impurity pseudospin has a symmetri oupling with adjoining lattie sites so that
JB = 0. It will be shown below that Hamiltonian (13) in this ase an be redued to the model of the resonane level
(this model was onstruted in [24℄ for the two-hannel exhange sattering in metals disregarding an interation
between band eletrons).
6For 1D system, in order to represent the two-hannel exhange interation in the form of the model of a resonane
level, we introdue the boson representation (4) of fermion fields Ψασ(x). Hamiltonians Hν in Eq. (3) lead to the
anonial (for bosons) form
H ′ν =
uν
2
∫
dx
(
Π
′2
ν + (∂xφ
′
ν)
2
)
with the help of the following redefinition of boson fields: φν =
√
Kν · φ′ν ; Πν = (1/
√
Kν) · Π′ν . In this ase, phases
Φαs in relation (4) are transformed to
Φ′ασ =
1√
2
[
±
(
φ′c
√
Kc + σφ
′
s
√
Ks
)
+
( θ′c√
Kc
+ σ
θ′s√
Ks
)]
. (14)
Substituting the fields φ′ν , θ
′
ν into Eq. (13) and taking into aount relation (14), we obtain
∑
σ,σ′
J⊥ψ
′+
ασ(0)τˆ
i
σ,σ′ψ
′
ασ′ (0)S
+ =
J⊥
2pia
S+
[
exp[i
(
φ′s
√
4piKs −
√
4pi
Ks
· θ′s
)
]+
+ exp[−i
(
φ′s
√
4piKs +
√
4pi
Ks
· θ′s
)
]
]
x=0
; JzS
z
∑
α
(ρα↑ − ρα↓) = JzSz
√
2
piKs
(∂xθ
′
s)x=0.
Thus, in the general ase, the exhange interation in a Luttinger liquid has the form
Hex =
J⊥
pia
[
S+ cos
(√
4piKs · φ′s(0)
)
e−i
√
(4pi/Ks)·θ
′
s(0) +H.c.
]
+ JzS
z
√
2
piKs
(∂xθ
′
s)x=0. (15)
It should be emphasized that the expression for the exhange interation ontains only pseudospin elds. To
redue expression (15) to the Hamiltonian in the model of a resonant level, we arry out the following transformations.
1. We introdue fields ΦL,R instead of φ
′
s, θ
′
s : φ
′
s =
ΦL +ΦR√
4piKs
; θ′s = (ΦL +ΦR) ·
√
Ks
4pi
.
2. For onveniene, we replae the right field ΦR by the left field Φ
′
L : Φ
′
L(x) = −ΦR(−x).
3. We introdue the symmetri and antisymmetri fields ΦS,A : ΦL =
ΦS +ΦA√
2
; Φ′L =
ΦS − ΦA√
2
.
As a result of these transformations, Hamiltonian (15) assumes the form
Hex ≡ H(s)ex =
J⊥
2pia
[
S+
(
e−2i(ΦS+ΦA) + e−2i(ΦS−ΦA)
)
+H.c.
]
+
Jz
2pi
Sz · (∂xΦS)x=0. (16)
Field ΦS from the transverse part of the interation is eliminated by rotation about the S
z
axis: U = e2iΦSS
z
. For
g1 = 0 (or, whih is the same, for Ks = 1), the kineti energy in the pseudospin hannel an be redued to the form
orresponding to free boson fields so that
Hs =
vF
pi
∫
dx
([
∇ΦS(x)
]2
+
[
∇ΦA(x)
]2)
. (17)
Sine UHsU
−1 = Hs − 4(vF /pi)(∂xΦS)Sz, we obtain, using the transformation U(Hs +H(s)ex )U−1 , the Hamiltonian
Hs = Hs +H
(s)
ex in the pseudospin hannel in the model of a resonant level; here,
H(s)ex =
J⊥√
2pia
[
ψ+A(0) + ψA(0)
]
(d+ − d)) + 1
2pi
(Jz − 8vF ) · ψ+S (0)ψS(0)(d+d− 1/2) ≡ HA +HS ;
ψ+S,A(x) = ηˆ
e−2iΦS,A(x)√
2pia
; S+ = d+ηˆ; Sz = (d+d− 1/2); ηˆ2 = 1.
(18)
It should be noted that phases ΦS,A(x) desribe the symmetri and antisymmetri flutuations of pseudospin density.
The total Hamiltonian of a Luttinger liquid with a two-level impurity has the form
H = Hc +Hs +H
(s)
ex +Hsc ≡ H0 +H(s)ex +Hsc. (19)
7If we disregardHsc, Hamiltonian (19) gives exitations of the Luttinger liquid with veloity uc in the harge hannel. In
the pseudospin hannel, exitations ψ+S,A are determined by the two-hannel exhange interation, generating, among
other things, a resonant many-partile level for low energies. A remarable feature of the resonane-level model (18)
is that the hybridization and interation are performed via different hannels. This is its essential differene from the
resonane-level model for the single-hannel Kondo sattering, in whih both of them are in the same hannel.
2. The model (18) an be renormalized to the limit of strong oupling with the fixed point being on the line
J˜z = (Jz − 8vF ) = 0 [21℄ (the Emery-Kivelson line). On this line, the impurity degrees of freedom are hybridized only
with the field assoiated with antisymmetri pseudospin flutuations. For T = 0, the Green funtion in the viinity
of the Fermi level has the form [24℄
Gd(ε) = 1
2
[
τˆ0 − τˆx
ε+ iΓKsignε
+
τˆ0 + τˆx
ε+ iδsignε
]
. (20)
In the strong oupling limit, TK ∼ ΓK , TK being the Kondo temperature. The seond term in relation (20) emerges
due to the fat that half the impurity degrees of freedom in the two-hannel Kondo model are not hybridized with
olletive variables of band fermions. Sine Hamiltonian (18) does not onserve the number of fermions, Gd(z) has
nonzero anomalous matrix elements ∼< dd > and ∼< d+d+ >.
For the problem disussed in this paper, the form of Gd(z) beyond the Emery-Kivelson line or, what is the same,
for a finite interation in the S-hannel, i.e., for Jz − 8vF 6= 0, is important. To obtain a solution for this ase, let us
use the tehnique that was previously applied to the well-known problem of x-ray absorption in metals [29℄. First, the
Hamiltonian H0S +HS , here H0S = ivF
∫ +∞
−∞
ψ+S (x)∂xψS(x), of Eq. (18) is diagonalized. To this end, we introdue
boson operators bsk = k
−1/2ρs(k), b
+
sk = k
−1/2ρs(−k), where ρs(k) are density operators
ρs(k) =
1
N1/2
kD−k∑
q=0
ψ+s (q)ψs(q + k) : ρs(−k) =
1
N1/2
kD∑
q=k
ψ+s (q)ψs(q − k), k ≥ 0,
ψs(k) are Fourier omponents of fields ψs(x), and the ut-off takes plae at kD ∼ a−1. Using operators bsk, b+sk, we
write the Hamiltonian H0S +HS as
H0S +HS = vF
∑
k>0
kb+skbsk + λz(d
+d− 1
2
)
∑
k>0
k1/2(b+sk + bsk), (21)
Here λz ≡ (1/2pi)(Jz − 8εF )N−1/2. This Hamiltonian is diagonalized to beome vF
∑
k>0 kb
+
skbsk by the anonial
transformation
U = exp
(
λzρ0(d
+d− 1
2
)
∑
k>0
k−1/2(bsk − b+sk)
)
, ρ0 ∼ ε−1F .
In this operation, the Hamiltonian HA is transformed to
H˜A =
J⊥
(2api)1/2
[ψ+A(0) + ψA(0)](d˜
+ − d˜) + ∆(d˜+d˜− 1
2
),
d˜+ = Ud+U−1 = exp
(
λzρ0a
∑
k>0
k−1/2(bsk − b+sk)
)
d+ ≡ U0d+,
(22)
∆ = −εJ = λ2zρ0 is the "polaron shift"due to the sreening interation in the S-hannel. With due aount of Eq.
(22), the Green funtion Gd(t) of resonane level is
Gd(t) = G0d(t)〈U+0 (t)U0(0)〉D, (23)
U0(t) is derived from U0(0) using the substitution bsk → bskeiεkt. Here 〈...〉D denotes averaging over the states of the
diagonalized Hamiltonian H0S +HS , G0d(t) is the Fourier transform of the funtion given by Eq. (20). The averaging
is performed in the onvential manner using the relations
8eAˆeBˆ = eAˆ+Bˆ+(1/2)[Aˆ,Bˆ], 〈e[F (b+,b)]〉 = e(1/2)〈F 2(b+,b)〉,
where F is an arbitrary linear ombination of boson operators. As a result, we find that, at large times εF t≫ 1, the
funtion in Eq.(23)
Gd(t) ∼ G0d(t)t−αd .
Consequently, we obtain in the energy representation the expression
Gd(ε) = Ae−ipiαSΓ(1− αS)
[
τˆ0 − τˆx
ε−∆+ iΓK
(
ε−∆+ iΓK
ε0
)αS
+
τˆ0 + τˆx
ε−∆
(
ε−∆
ε0
)αS]
; ε−∆ > 0, (24)
Here, A ∼ ε−1F , Γ(x) is the gamma funtion, αS = (δS/pi)2 è δS ∼ J˜2z is the phase shift due to the sreening interation
in the S-hannel, ∆ = −εJ . The ut-off parameter ε0 ∼ εF sine the veloity of exitations in the olletive hannels
is vF , as follows from the Hamiltonian (18).
It should be notied that the power-law dependene (24) ours when the ondition TK ≫ |εJ | is failed. In this
ondition the Kondo temperature is defined on the Emery-Kivelson line, TK ∼ εF exp[−1/(J⊥ρ0)]. Using the expres-
sions for TK , |εJ |, we find that the power-law dependene (24) takes plae under ondition (J⊥/εF )≪ 1/ ln(εF /|J˜z|),
J˜z ≡ (1/2pi)(Jz−8vF ). When the inverse inequality is satisfied, one may use the expression (20) on the Emery-Kivelson
line.
CALCULATION OF THE DENSITY OF STATES AND SELF-ENERGY FUNCTIONS
1. The Green funtions of impurity degrees of freedom for low energies are defined by relations (20) or (24). Thus,
to determine the many-partile density of states for low energies in the presene of a pseudospin impurity, one needs
to substitute these Green funtions into (12).
First, we must know the quantity
∑
k |V αkd|2G2ασ(k; ε) ≈ |V αkF d|2
∑
k G2ασ(k; ε), where
∑
k G2ασ(k; ε) = −∂Σ0ασ(ε)/∂ε.
Funtions Σ0ασ(ε) are defined by expressions (8) with the density of states ρασ(ε) = ρ0ασ(ε) from (5); namely,
Σ
(+)
0ασ(z) =
+ε0∫
−ε0
dε′
ρ0ασ(ε
′)
z − ε′ =
1
Γ(1 + ηc)ε
1+ηc
0
[ ε0∫
0
dε′
(ε′)ηc
z+ − ε′ +
ε0∫
0
dε′
(ε′)ηc
z− + ε′
]
= A0(J0− + J0+); (25)
Here, z± ≡ ε ± iγ, ε > 0. For ε < 0 èìååì Σ(−)0ασ(z) = −Σ(+)0ασ(z). Integrals J0∓(z), whih are Gilbert transforms of
the density of states for a Luttinger liquid, are defined as
J0∓(z) =
εηc+10
(ηc + 1)z
F (1, ηc + 1; ηc + 2;± ε0
z±
),
where F (α, β; γ;x) is a hypergeometri funtion. Sine we onsider here only the ase when ε0/|z| ≫ 1, we an use
the transformation formulas for a hypergeometri funtion with |x| ≫ 1 [30℄ and obtain the following expressions:
F (α, β; γ;x) =
Γ(γ)Γ(β − α)
Γ(β)Γ(γ − α) · (−1)
αx−α +
Γ(γ)Γ(−β + α)
Γ(α)Γ(γ − β) · (−1)
βx−β ,
We have used the familiar relations Γ(1) = 1; Γ(ηc+1) = ηcΓ(ηc); Γ(1− ηc)Γ(ηc) = pi/ sin(piηc). Thus, in long-wave
limit, for γ → 0, we obtain
Σ
(+)
0ασ(ε) =
(2ipi sin[(pi/2)ηc] exp[i(pi/2)ηc]
sin(piηc)Γ(1 + ηc)ε
1+ηc
0
)
· εηc ; (26)
Sine F (1, 1; 2;∓x) = ∓x−1 ln(1 ± x), expression (26) for ηc = 0 orresponds to the prinipal term in the expansion
in parameter x = (ε0/ε)≫ 1. Using the expressions
∑
k
G2ασ(k; ε) = −
∂Σ
(+)
0ασ(ε)
∂ε
, ε > 0;
∑
k
G2ασ(k; ε) = −
∂Σ
(−)
0ασ(ε)
∂ε
= −∂Σ
(+)
0ασ(ε)
∂|ε| , ε < 0,
9we obtain with the help of formulas(25) and (26)
∑
k
G2ασ(k; ε) =
∑
k
G2ασ(k; |ε|) =
(−2i exp[i(pi/2)ηc]
Γ(1 + ηc)ε
1+ηc
0
)(piηc sin[(pi/2)ηc]
sin(piηc)
)
· |ε|ηc−1; (27)
For the Green funtion (20) (or, what is the same, on the Emery-Kivelson line), substituting the expression (27)
into (12), we arrive at the following expression for the impurity ontribution to the density of states:
ρdα(|ε|) =
[ 2V 2ηc sin[(pi/2)ηc]
Γ(1 + ηc)ε
1+ηc
0 sin(piηc)
][cos[(pi/2)ηc]
Γ2K
· |ε|ηc + sin[(pi/2)ηc]
ΓK
· |ε|ηc−1 + cos[(pi/2)ηc] · |ε|ηc−2
]
, (28)
Here, we have introdued the notation V 2 ≡ |V αdkF |2. For low energies, the most singular term in the density
of states is ρdα(|ε|) ∼ |ε|ηc−2. Pay attention to the fat that this ontribution is due to the term of the form
ReGd(ε) · Im
∑
k G2ασ(k; ε) in ReGd(ε) we take the part orresponding to nonhybridized degrees of freedom (seond
term in relation (20)). While deriving formula (28), we took into aount the fat that the term with the δ-funtion in
ImGd(ε) makes zero ontribution to the density of states for ηc 6= 0. Thus, we see that, in ontrast to noninterating
Fermi gas, exitations in a Luttinger liquid onsiderably modify the peaks at the Fermi level, whih are generated by
the interation with a two-level impurity. The singularity in the impurity density of states is enhaned for ηc < 1; on
the ontrary, it is suppressed for ηc > 2.
2. The ontribution to Σα(z) from the impurity term ρdα(ε) to the density of states is determined by the expression
Σα(z) =
+∞∫
−∞
dε
ρdα(ε)
z − ε =
∞∫
0
dε
ρdα(|ε|)
z+ − ε +
∞∫
0
dε
ρdα(|ε|)
z− + ε
≡ Σ(+)α (z+) + Σ(−)α (z−). (29)
Taking into aount expression (28) for the impurity density of states, we see that Σα(z) ontains the integrals of
three types, whih are defined in the omplex plane:
I
(∓)
1 =
+∞∫
0
dε
εηc−2
z ∓ ε ; I
(∓)
2 =
+∞∫
0
dε
εηc−1
z ∓ ε ; I
(∓)
3 =
ε0∫
0
dε
εηc
z ∓ ε .
Evaluating integrals I
(∓)
1 , I
(∓)
2 (whih are singular for small z) and substituting the obtained expressions into (29),
we obtain
(1) for ρdα ∼ |ε|ηc−2; Σ(±)α = A1 · zηc−2± · P±;
P± = −e−ipiηc , (−1) for ”± ”; A1 = 2piηc cos(piηc/2) sin(piηc/2)V
2
εηc+10 sin(piηc)Γ(ηc + 1)
;
(30)
(2) for ρdα ∼ |ε|ηc−1; Σ(±)α = A2 · zηc−1± · P±;
P± = −e−ipiηc , (+1) for ”± ”; A2 = 2piηc sin
2(piηc/2)V
2
ΓK sin
2(piηc)Γ(ηc + 1)ε
ηc+1
0
;
(31)
Integrals I
(∓)
3 (z) are defined by the same formulas that were derived while determining Σ
(±)
0α .
3. Beyond the Emery-Kivelson line, expression (24) defines the retarded Green funtion GRd (ε˜), ε˜ = ε−∆. Let us
onsider the ase when
[∑
k GRασ(k; ε)
]2
∼ εηc−1, as a funtion of energy varies muh more slowly than GRd (ε˜). The
definitions of these two quantities imply that this is possible for ηc ≫ αS . In this ase, we an set
[∑
k GRασ(k; ε)
]2
≈[∑
k GRασ(k; ∆)
]2
.
For the nonhybridized degrees of freedom (seond term in the expression (24)), it an easily be verified that the
density of states for has the form
ρd(ε˜) = Qd
(2V 2
piε30
)(ε0
ε˜
)1−αS
; ε˜ > 0; Qd =
( pi2
Γ(αd)Γ(ηc)
)(ε0
∆˜
)1−ηc
. (32)
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The retarded self-energy funtions are defined as
ΣRα (z) =
+∞∫
−∞
dε
ρd(ε)
z+ − ε =
∞∫
∆˜
dε
ρd(ε)
z+ − ε +
∆˜∫
−∞
dε
ρd(ε)
z+ − ε =
∞∫
0
dε˜
[ ρd(ε˜)
z˜+ − ε˜ +
ρd(−ε˜)
z˜+ + ε˜
]
, (33)
where z˜+ = z+ − ∆; Rez˜+ = ε˜ > 0. Using formulas (33) and the expressions for the integrals derived above, we
obtain
ΣRα (z) = −Q˜d
(4V 2
ε30
)
·
(ε0
z˜
)1−αS
; Q˜d = Qd ctg(piαS). (34)
Sine αS < 1, the above ontribution of the impurity density of states to Σ
R
α (z) is also singular for small |z| .
FERMI-LIQUID RESONANCES IN THE VICINITY OF THE FERMI LEVEL
Let us now onsider the Fermi-liquid singularities in the total Green funtion (8), whih are assoiated with the
sattering of many-partile exitations, desribed by Hamiltonian Hs in expression (6). In the presene of resonane
and potential sattering, the position of the poles is determined from the solution of Eq. (9). Substituting Σsc into
Eq. (9) and assuming that all matrix elements appearing in Σabα are determined by their values for k = kF , we obtain
the equation
1− T 2ΣL(zr)ΣR(zr)− V 2T Gd(zr)ΣL(zr)ΣR(zr)
[
2 + T
(
ΣL(zr) + ΣR(zr)
)]
= 0, (35)
where V and T are the matrix elements of the resonane and potential sattering and Σα are the self-energy funtions
alulated in (30), (31), and (34). The three terms on the left-hand side of Eq. (35), ontaining self-energy funtions
Σα, desribe different sattering proesses of many-partile exitations. The term proportional to T 2 orresponds to
sattering of right fermions from left fermions taking into aount the fat that the density of states ontains the
impurity ontribution ρdα. The terms proportional to V
2
and T 2, V 2 desribe two possible proesses of resonant
sattering, i.e., sattering of harge and pseudospin densities from many-partile impurity degrees of freedom, whih
are desribed by the Green funtions Gd(zr) defined in (20), (24).
1. On Emery-Kivelson line, the impurity density of states is defined by expression (28); aordingly, the poles
in the viinity of the Fermi level are generated by the ontributions to Σα, whih are most singular in a ertain
range of parameters for small |z| ≪ ΓK . We will first onsider the solutions to Eq. (35), whih are assoiated with
sattering of nonhybridized exitations with band olletive exitations of impurity degrees of freedom. In aordane
with expression (20), nonhybridized degrees of freedom are desribed by the Green funtion Gd(zr) = 1/zr. We begin
with the ase when the main ontribution to Σα(z) omes from the term ∼ |ε|ηc−2 in the density of states. Retaining
in Eq. (35) the prinipal terms with small values of |z| , we obtain the following equation for the poles:
1− V 2T 2Gd(zr)ΣL(zr)ΣR(zr)
(
ΣL(zr) + ΣR(zr)
)
= 0, (36)
For zr±, we substitute Σ
±
α (zr±), respetively, into Eq. (36). It should also be noted that ΣL(zr) = ΣR(zr) sine
ρL(|ε|) = ρR(|ε|). Let us onsider solutions with zr−. We write zr− in the form zr− = |zr−|exp(iϕ), physial solutions
orresponding to values of 0 < ϕ < pi/2. Solving the imaginary and real parts of Eq. (36), we obtain the following
solution with |zr˘| ≪ ΓK :
|zr−|
ε0
≈ A1
( T
ε0
)2/(7−3ηc)· (V
ε0
)8/(7−3ηc)
, ϕ =
pi
7− 3ηc , (37)
where A1 is a fator on the order of unity. This solution exists when the following onditions are satisfied:
1 < ηc <
5
3
;
( T
ε0
)1/4
·
(V
ε0
)
≪
(ΓK
ε0
)(7−3ηc)/8
. (38)
The first system of inequalities emerges from the requirement of vanishing of the imaginary part of Eq. (36). When
onditions (38) are violated, Eq. (36) may have solutions due to two other ontributions to the density of states. For
11
ρdα ∼ |ε|ηc−1 and Gd(zr) = 1/zr , there exists a solution zr− = εr− < 0, orresponding to a loalized level below the
Fermi energy. The position of this level is determined by the energy
|εr|
ε0
= A2
(V
ε0
)8/(4−3ηc)· ( T
ε0
)2/(4−3ηc)· ( ε0
ΓK
)3/(4−3ηc)
; |εr| ≪ ΓK . (39)
Finally, for ρdα ∼ |ε|ηc and Gd(zr) = 1/zr, we have a resonane with zr+,
|zr+|
ε0
≈ A3
( T
ε0
)1/(1−2ηc)· (V
ε0
)6/(1−2ηc)· ( ε0
ΓK
)4/(1−2ηc)
, ϕ =
2piηc
1− 2ηc , (40)
whih exists when the following onditions are satisfied:
ηc <
1
6
;
( T
ε0
)1/4
·
(V
ε0
)
≪
(ΓK
ε0
)(5−2ηc)/8
. (41)
It an be seen that all the resonane obtained above are formed as a result of sattering of nonhybridized impurity
degrees of freedom by many-partile exitations, whih form the density of states at low energies. The sattering of
many-partile exitations with Gd(zr) = 1/(zr±+ iΓKsignεr±), whih is desribed by the term in Σsc proportional to
T 2V 2, does not lead to the formation of resonanes with |zr| ≪ ΓK . In other words, Eq. (36) has no physial solutions
in this ase.
Beyond the Emery-Kivelson line expressions for Gd and Σα from (24) and (34) should be substituted into Eq. (36).
At Re(z˜r) > 0 the position and width of new resonane are determined by the formulas (we onsider only ontribution
of the nohybridized impurity degrees of freedom, whih is desribed by the seond term in Eq. (24))
|z˜r|
ε0
≈ A3
( T
ε0
)1/2(1−αS) · (V
ε0
)2/(1−αS) · (∆
ε0
)(ηc−1)/4(1−αS)
, ϕ =
pi
4
, (42)
here A3 ∼ 1. Sine ∆≪ ε0 and ηc ≫ αS , the resonane for ηc > 1 an be quite narrow with a width ≪ λz/εF .
2. In the range of parameters where Eq. (36) has no solutions, the poles an be due to other sattering proesses
apart from those making ontribution to Σsc, proportional T 2V 2. Assuming that this ontribution is small in the
regions where Eq. (36) has no solutions, we onsider the equation
1− 2V 2T Gd(zr)ΣL(zr)ΣR(zr) = 0 (43)
On Emery-Kivelson line, when the main ontribution to Σα omes from the term proportional to ∼ |ε|ηc−2 in the
density of states, the Fermi-liquid resonane is formed due to sattering of many-partile exitations by the resonant
level with
Gd(zr) = 1
(zr± + iΓKsignεr±)
≈ ∓ i
ΓK
, for Re(zr)
>
<0.
The position and width of the Fermi-liquid resonane are determined by the solution to Eq. (43),
|zr−|
ε0
≈ A
( T
ε0
)1/2(2−ηc)· (V
ε0
)6/2(2−ηc)· ( ε0
ΓK
)1/2(2−ηc)
, ϕ =
pi
4(2− ηc) , (44)
where A is a fator on the order of unity. This solution exists when the following onditions are satisfied:
1 < ηc <
3
2
;
( T
ε0
)1/6
·
(V
ε0
)
≪
(ΓK
ε0
)(5−2ηc)/6
. (45)
The same sattering proess generates the Fermi-liquid resonane with zr˘ in the ase when the main ontribution
to Σα omes from the term proportional to ∼ |ε|ηc−1 in the density of states. In the present ase, the new resonane
exists for
ηc < 1;
( T
ε0
)1/6
·
(V
ε0
)
≪
(ΓK
ε0
)(3−2ηc)/6
. (46)
Finally, new singularities may appear due to potential sattering of right fermions from left ones taking into aount
the impurity density of states (28). The positions of the poles in this ase is determined by the solutions to the equation
12
1−T 2ΣL(zr)ΣR(zr) = 0. It an easily be verified that a solution exists in the ase when the main ontribution to Σα
omes from the term proportional to ∼ |ε|ηc−2 and has the form of a loalized level below the Fermi energy.
It an also be proved that potential sattering beyond the Emery-Kivelson line generates a loalized level above
the Fermi energy.
If the density of states at the Fermi level is determined by expression ρ0α for a pure Luttinger liquid, the potential
sattering of right fermions from left ones does not lead to the formation of additional Fermi-liquid resonanes or
levels at low energies. This ase was treated in [10℄.
Conluding the setion, let us prove that the inequalities for parameter ηc derived above, whih determine the
ranges for new Fermi-liquid resonanes, are in aordane with the inequality Kc < 1/2. It should be realled that
this is the ondition of appliability of the model with JB = 0. In partiular, the onditions for ηc in (38) and (45)
orrespond to the inequalities 0.13 < Kc < 0.2 and 0.11 < Kc < 0.2, respetively. Finally, the ondition ηc < 1 in
(46) orresponds to values of Kc < 0.2. In this ase, the mehanism onsidered in this study ensures instability in the
region 1 > ηc > 1/8, whih is also in agreement with the onditions derived above.
CONCLUDING REMARKS. THE BEHAVIOR OF PHYSICAL QUANTITIES
Several types of NFL exitations with different quantum numbers haraterize a Luttinger liquid with two-level
impurities at low energies. The results desribe above indiate that the sattering of many-partile exitations of
various types from one another leads to the emergene of an additional Fermi-liquid resonanes in the viniity of the
Fermi level in a 1D system. The onditions are dtermined, under whih the fermi-liquid states with a new energy
sale muhsmaller than the Kondo temperature is the ground state of the system.
The type of many-partile exitations and, aordingly, the type of the phase state are determine by the following
parameters: the value of anomalous dimensionality ηc in the harge hannel of a Luttinger liquid (or, what is the same,
the value of parameter Kc) as well as the initial energy Ed of a deep level. This energy appears in exhange onstants.
Reduing (inreasing) the depth of the impurity level leads to inreasing (reduing) the Kondo temperature. Let us
define the phase states of the system in dependene on the values of these parameters.
In aordane of onditions (38), (41), (45), and (46), new Fermi-liquid resonanes are absent when, at any
rate, ηc is greater than 5/3 and/or the Kondo temperature on the Emery-Kivelson line is found to be very low. In the
latter ase, the impurity level is very deep and onditions of the type |zr| ≪ TK are violated and we obtain the phase
state of the system , in whih exitation of the Luttinger liquid take plae in th harge hannel and the exitations
generated by two-hannel exhange interation our in the pseudospin hannel.
The low-temperature behavior of the heat apaity C(T ) is determined by the produt γT , where γ ∼ ln(TK/T ) in
the seond order of perturbation theory in J˜z/J⊥ [24℄, [31℄. The logarithmi dependene of C/T ours instead of the
onstant value of γc ∼ u−1c in a pure Luttinger liquid. The homogeneous stati suseptibility behaves analogously on
the Emery-Kivelson line. Aording to the onditions desribed in onlusion of setion IV, the logarithmi dependene
is transformed into the power dependene γ ∼ T−1+αS ouring beyond the Emery-Kivelson line at the rossover
temperature Tc ∼ |εJ |. If the initial values of the parameters is suh that the ondition TK ≫ |εJ | holds, the rossover
takes plae at deepening the impurity level.
In the phase state onsidered here, anomalous orrelations exist at the impurity site.The divergene of the orrelator
< S+S− > (ω = 0, T ) ∼ ln(1/T ) orresponds to free rotation of th impurity pseudospin. We reall here that in an
atomi Fermi gas pseudospin flutuations desribe the flutuations of the relative density at two levels orresponding
to intrinsi states of atoms. The anomalous behavior of the one-site orrelator < S+S− > orresponds to anomalous
inrease (upon ooling) of the orrelations between the oupanies for two intrinsi states of an impurity site. This
made indiate a tendeny to the formation of the superfluid stae in the relative density of two omponent of the
impurity subsystem in a quasi-one-dimensional system.
On the Emery-Kivelson line Fermi-liquid resonanes exist for relatively small values of ηc and high values of TK
in aordane with the formulas derived above. If the value of ηc satisfiesany ondition of the existene of resonanes,
but the orresponding ondition of the type |zr| ≪ TK is violated, we an obtain an additional Fermi-liquid resonane
by reduing the depth of the impurity level and, hene, by inreasing the Kondo temperature.
Expression (42) implies that Fermi-liquid resonanes exist beyond the Emery-Kivelson line for all admissible
values of αS (i.e., impurity level depths), but only for strong interations in the harge hannels of a Luttinger liquid.
Both on and beyond the Emery-Kivelson line, transitions from an NFL state to an FL state an take plae. The
harateristi rossover temperatures are Tr ∼ γr, where γr are the widths of Fermi-liquid resonanes.
It should be emphasized that the Fermi-liquid resonanes lead to the existene of new energy sales γr, whih are
muh smaller than the Kondo temperature.
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